We have substantially extended the high-temperature and low-magnetic-field (and the related low-temperature and high-magnetic-field) bivariate expansions of the free energy for the conventional three-dimensional Ising model and for a variety of other spin systems generally assumed to belong to the same critical universality class. In particular, we have also derived the analogous expansions for the Ising models with spin s = 1, 3/2, .. and for the lattice euclidean scalar field theory with quartic self-interaction, on the simple cubic and the body-centered cubic lattices. Our bivariate high-temperature expansions, which extend through K 24 , enable us to compute, through the same order, all higher derivatives of the free energy with respect to the field, namely all higher susceptibilities. These data make more accurate checks possible, in critical conditions, both of the scaling and the universality properties with respect to the lattice and the interaction structure and also help to improve an approximate parametric representation of the critical equation of state for the three-dimensional Ising model universality class.
I. INTRODUCTION
We present a brief analysis of high-temperature (HT) and low-field expansions for the free energy of the conventional 3D Ising model in an external uniform magnetic field, extended from the presently available 3-6 order 17 up to order 24 in the case of the simple-cubic (sc) lattice, and from the order 13 up to 24 in the case of the body-centered-cubic (bcc) lattice. In addition to the conventional Ising model (i.e. with spin s = 1/2), we have considered also a few models with spin s > 1/2, and the lattice scalar euclidean field theories with even polynomial self-interaction. All results for the simple Ising system in a field can be readily transcribed into the lattice-gas model language and therefore are of immediate relevance also for the theory of the liquid-gas transition 7, 8 . The HT and low-field expansions of the spin-s Ising models can be transformed 9, 10 into low-temperature (LT) and high-field expansions.
The spin-s Ising model in an external magnetic field H is described by the Hamiltonian 11-14
where s i = −s, −s + 1, ..., s is the spin variable at the lattice site i, m is the magnetic moment of a spin, J is the exchange coupling. The first sum extends over all distinct nearest-neighbor pairs of sites, the second sum over all lattice sites. The conventional Ising model is recovered by setting s = 1/2. The one-component self-interacting lattice scalar field theory is described by the Hamiltonian [15] [16] [17] H{φ} = −
Here −∞ < φ i < +∞ is a continuous variable associated to the site i and V (φ i ) is an even polynomial in the variable φ i . In this study, we have only considered the specific model in which V (φ i ) = φ 2 i + g(φ 2 i − 1) 2 , although we can cover interactions of a more general form. All these models are expected to belong to the 3D Ising universality class, therefore our eextensive set of series expansion data can be used to test the accuracy of the basic hypotheses of critical scaling and universality with respect to the lattice and the interaction structure, by comparing the estimates of the exponents and of universal combinations of critical amplitudes for the various models as well as by forming approximate representations of the equation of state (ES). In this study our attitude 17, 18 is, to some extent, complementary to the current one. Usually, universality is essentially assumed from the outset: for example, in the renormalization group (RG) approach [19] [20] [21] [22] [23] [24] [25] [26] [27] , an appropriate scalar field theory in continuum space is taken as the representative of the Ising universality class, as suggested by the independence of the renormalization procedure from the details of the microscopic interaction. Also in HT and MonteCarlo approaches, attention has been recently focused [16] [17] [18] 28 ,29 on particular continuous-or discrete-spin lattice models which exhibit vanishing (or very small) leading non-analytic corrections to scaling 30, 31 in order to be able to estimate more accurately the physical quantities of interest. In this report, we prefer to take advantage of our extended expansions to test a wide sample of models, expected to belong to the same universality class, and to show how closely, already at the present orders of expansion, each model approaches the predicted asymptotic scaling and universality properties.
The paper is organized as follows: in Sect.II we briefly characterize our expansions, sketch the method of derivation and list the numerous tests of correctness passed by the series coefficients. In Sect. III we define the higher-order susceptibilities, whose critical parameters enter into the determination of the scaling equation of state and update an approximate representation of it. In Sect. IV we discuss numerical estimates of exponents, amplitudes and universal combinations of these, that can be computed from the bivariate series. In the last section, we summarize our results and draw some conclusions.
II. EXTENSIONS OF THE BIVARIATE SERIES EXPANSIONS
The HT series expansion coefficients for the models under study have been derived by a fully computerized algorithm based on the vertex-renormalized linked-cluster (LC) method which calculates the mean magnetization per spin in a non-zero magnetic field from the set of all topologically distinct, connected, 1-vertex-irreducible (1VI), single-rooted graphs 11 . We have taken advantage of the bipartite structure of the sc and the bcc lattices to restrict the generation of graphs to the subset of the bipartite graphs, i.e. to the graphs containing no loops of odd length.
In the past, the LC method was employed mainly to derive expansions in the absence of magnetic field. In the presence of a field, the most extensive 3,4 data so far available in 3D were derived indirectly, by transforming 9,10 bivariate LT and high-field expansions 32 into HT and low-field expansions. This computation was performed only for the s = 1/2 Ising model, although some LT and high-field data existed also for other values of the spin. Shorter HT expansions in a finite field had also been previously obtained 8 , only for the s = 1/2 model, by a direct expansion of the free energy. It is worth noting that we are now in a position to follow the opposite route: namely of transforming our bivariate HT data for the spin-s Ising systems into LT and high-field expansions, thus extending the known results.
Our improvements of the presently available HT series in a field are summarized in Table I , in the case of the sc and the bcc lattices. Similar extensions for the same class of models, in the case of the simple quadratic (sq) lattice and for bipartite lattices in d > 3 space dimensions, will be discussed elsewhere. The series expansions coefficients will be tabulated in a separate paper.
The feasible correctness checks of our computations are inevitably partial, since the extended expansions include information much wider than that already available in the literature. The easiest non-trivial check is that our procedure yields the known bivariate expansion of the free energy for the spin 1/2 Ising model in a finite field on the one-dimensional lattice. We have also checked that our results agree, through their common extent, with the old data cited above 3,4 for the spin 1/2 Ising system in a magnetic field, both on the sc and the bcc lattices. Otherwise, our results can only be compared with the related data in zero field, in particular with the HT expansions of the free energy and its second field-derivative, both for the Ising model with general spin-s and for the scalar field model, on the sc and the bcc lattices, which have been tabulated 17,18 through order K 25 , while the 4th field-derivative is already known 17,18 through K 23 for both lattices. Our results agree, through their common extent, also with the expansions of the 6th field derivative in zero field, tabulated 33 up to order K 19 , and of the 8th field-derivative, tabulated 33 up to order K 17 , in the case of the spin 1/2 model on the bcc lattice. We have finally checked that our expansions reproduce the sc lattice calculations of the 6th field-derivative (known up to order K 19 ), of the 8th (known up to order K 17 ) and of the 10th (known up to order K 15 ) in the case of the sc lattice scalar field with quartic coupling g = 1.1, which have been tabulated in Ref. [16] .
It is fair to remark that the finite-lattice (and the related transfer-matrix) methods of expansion 34, 35 have shown more efficient 36 than the LC approach, at least for s = 1/2 in d = 2 dimensions, even in presence of a magnetic field, while they remain rather difficult and unpractical in higher space dimensions. In the case of the two-dimensional spin 1/2 Ising model, with the support of a variational approximation, these methods made a representation of the ES of unprecedented accuracy 37 possible. In the future, these techniques might prove to be competitive 35 in the 3D case also for calculations in a nonvanishing field. We believe, however, that it has been worthwhile to test and develop also a LC approach, which expresses the series coefficients in terms of polynomials in the moments of the single-spin measure and therefore, unlike the finite lattice method, is flexible enough to apply also to non-discrete state models such as the one-component scalar field model 17 within the Ising universality class studied here and, more generally, to the O(N)-symmetric spin 38 or lattice-field systems in any space dimension.
A. The algorithms
To give an idea of the strong points of our graphical algorithms, we mention that, using only an ordinary desktop personal quad-processor-computer with a 4G fast memory (RAM), our code can complete in seconds all calculations already documented 3, 4 in the literature (see Table I ). The whole renormalized calculation presented here, can be completed in a CPU-time of a few days, most of which goes in producing the highest order of expansion. In what follows all timings are single-core times.
The LC computation has been split into three parts. First, we generated the simple, bipartite, unrooted, topologically distinct 1VI graphs. This part is memory intensive, but takes only a few hours. Table II lists the numbers of these graphs from order 4 through 24. In a second step, we computed the single-rooted multigraphs, their symmetry numbers and their lattice embeddings. This part of the calculation requires little memory: in the case of the bcc lattice, completing the 24th order took approximately a day, while in the case of the sc lattice two weeks were necessary. In the latter case, most of the time was spent to determine the graph embeddings. These two parts of the calculation were implemented by C++ codes, and used the "Nauty" 39 library to compute the graph certificates and symmetry factors. The relevant procedures of this package were supplemented with the GNU Multiprecision Arithmetics Library 40 to get the exact graph symmetry numbers. The third step implements the algebraic vertex-renormalization 11 procedure by deriving the magnetization from the single-rooted 1VI graphs and then, by integration, the free energy temperature, while h = mH/k B T is the reduced magnetic field. The magnetization is expressed in term of the bare vertices M 0 i (h) obtained deriving i times with respect to h the generating function
in the case of the spin-s Ising systems, or, in the case of the scalar field system, M 0 0 (h) = ln dφe −V (φ)+hφ . For example, the HT expansion coefficient of the free energy at order K 2 , on the bcc lattice, is given by
while on the sc lattice
Table III lists the number of monomials of the bare vertices, with a given number v of odd indices which contribute to the free energy HT expansion coefficient at order K l . Equivalently, this is the number of admissible vertex-degree sequences of the (far more numerous) graphs contributing to this coefficient. Notice that the monomials containing at least two bare vertices of odd order are the overwhelming majority. They all vanish in zero field, which shows that the finite field calculation has a substantially higher complexity. The renormalization through 24th order was performed in a few hours. The third step of the calculation is based on codes written in the Python and Sage 41 languages.
It is also not without interest that in a preliminary step of our work, we have been able to employ the simple unrenormalized linked-cluster method 11 , which uses all topologically distinct unrooted connected graphs (including multigraphs) to compute the bivariate expansions of the free energy through order 20. It takes only one day to complete this calculation. Of course, while the unrenormalized procedure is algebraically straightforward, it would make further extensions of the series unpractical, using our desktop computers, for the rapid increase with order of the combinatorial complexity and, as a consequence, of the memory requirements. The computation of the 21st order does not fit in 4 GB of RAM, but would require some increase of memory. These calculations are however interesting by themselves, both because the unrenormalized method is still generally (and too pessimistically) dismissed as unwieldy beyond just the first few orders, and because they provide a valuable cross check, through order 20, of the results of the algebraically more complex vertex-renormalized procedure, which remains necessary to push the calculation to higher orders.
III. ASYMPTOTIC SCALING AND THE EQUATION OF STATE
The hypothesis of asymptotic scaling [42] [43] [44] [45] [46] for the singular part F s (τ, h) of the reduced specific free energy, valid as both h and τ approach zero, can be expressed in the form
where τ = (1 − T c /T ) is the reduced temperature. The exponent α specifies the divergence of the specific heat, β describes the small τ asymptotic behavior of the spontaneous specific magnetization M on the phase boundary (h → 0 + , τ < 0)
with B the critical amplitude of M . The exponent δ characterizes the small h asymptotic behavior of the magnetization on the critical isotherm (h = 0, τ = 0),
and B c is the corresponding critical amplitude. For the exponents α and β, we have assumed the values α = 0.110(1) and β = 0.3263(4), obtained using the scaling and hyperscaling relations, from the HT estimates 17 of the susceptibility exponent γ = 1.2373(2) and of the correlation-length exponent ν = 0.6301(2).
The functions Y ± (w) are defined for 0 ≤ w ≤ ∞ and have a power-law asymptotic behavior as w → ∞. The + and − subscripts indicate that different functional forms are expected to occur for τ < 0 and τ > 0. The usual scaling laws follow from eq.(5). The simplest consequence of eq.(5), which will be tested using our HT expansions, is that the critical exponents of the successive derivatives of F s (τ, h) with respect to h at zero field, are evenly spaced by the quantity ∆ = βδ, usually called "gap exponent". More precisely, let us define the zero-field n-spin connected correlation functions at zero wavenumber (also called higher susceptibilities when n > 2) by the equation
For odd values of n, these quantities vanish in the symmetric HT phase, while they are nontrivial for all n in the broken-symmetry LT phase. For even values of n in the symmetric phase, and for all n in the broken phase, scaling implies that, as T → T + c along the critical isochore (h = 0, τ > 0) or, as T → T − c along the phase boundary, we have
where γ n = γ + (n − 2)∆, b ± n and θ are, respectively, the amplitude and the exponent which characterize the leading non-analytic correction to asymptotic scaling. The value 47 θ = 0.52(2) has been estimated for the universality class of the 3D Ising model. Assuming also the validity of hyperscaling, we can conclude that 2∆ = 3ν + γ.
An important bonus of our bivariate calculations, is the significant extension the HT expansions of the higher susceptibilities. We have added one more term to the existing 18 HT expansion of χ 4 (K), five terms to that 33 of χ 6 (K), seven to that 16 of χ 8 (K) and nine to that of χ 10 (K). In the case of the susceptibilities of order 2n > 10, no data at all were available so far. We have now extended, uniformly in the order, the HT expansions of all higher susceptibilities χ 2n (K) with 2n ≥ 4. In this paper, we shall present only a preliminary analysis of these quantities, while a more detailed discussion of our bivariate expansions will be postponed to a forthcoming article.
The scaling form of the equation of state M = M(h, T ), relating the external reduced magnetic field h, the reduced temperature τ and the magnetization M , when h and τ approach zero, is simply obtained by differentiating eq. (5) for f s (τ, h) with respect to h
(1)
Here we have used the relation γ = β(δ − 1). By further differentiation of eq. (10) with respect to the field, also the higher susceptibilities are recognized to have a scaling form
The hypothesis of universality states that, in addition to the critical exponents, the function Y ± (w), (and therefore also its n−th derivative Y (n) ± (w)) is universal 48 up to multiplicative constants (metric factors 49 ) which fix the scales of h and τ in each particular model within a universality class. Accordingly, one can conclude that a variety of dimensionless combinations of critical amplitudes are universal.
The ES can also be written in the equivalent form 42,43,50
in which a single scaling function f (x), universal up to metric factors, describes both the regions τ < 0 and τ > 0. The function h(M, τ ) is known 50 to be regular analytic in a neighborhood of the critical isotherm and of the critical isochore. From general thermodynamic arguments 50 one can infer that f (x) is a positive monotonically increasing regular function of its argument, in some interval −x 0 ≤ x ≤ ∞, with x 0 > 0. Moreover f (−x 0 ) = 0. The local behavior of the function f (x) can be further determined, by the requirement of consistency with the scaling laws, in terms of critical amplitudes of quantities computable from our HT and LT series. By differentiating this form of the ES with respect to M , we get the asymptotic behavior f (x) ∝ x γ , for large positive x. Setting τ = 0, the ES reduces to eq. (7) and f (0) = B −δ c . If h → 0 at fixed τ < 0, we expect to find a nonvanishing spontaneous magnetization M , therefore the ES implies that f (x) must vanish. Since f (−x 0 ) = 0, we have −τ /M 1/β = x 0 and, from eq.(6), we conclude that x 0 = B −1/β . We can then fix the metric factors by normalizing the field to B −δ c and the reduced temperature to B −1/β . The expansion of f (x) for large positive x is expressed in terms of the critical parameters characterizing the HT side of the critical point. The small x expansion, which uses the parameters of the critical isotherm, and the negative x region related to the parameters of the LT side of T c , will be discussed in a forthcoming paper presenting our analysis of the extended LT expansions.
Summarizing the more detailed discussion of Ref. [21] , we can also observe that, in the large positive x (small magnetization) region, where the magnetic field h(M, τ ) has a convergent expansion in odd powers of M , the ES is more conveniently expressed in terms of the variable z = M τ −β x β 0 . The ES takes then the form
whereh is a constant and F (z) is normalized by the equation F ′ (0) = 1. The small z expansion of F (z) can be written as
The coefficients F 5 , F 7 , ... are defined by the equation F 2n−1 = r + 2n /(2n − 1)!, in terms of the ratios r + 2n which will be introduced in the next section. They have been computed within the RG approach 22, 24 , by the ǫ-expansion (ǫ = 4 − d) up to five loops, by the perturbative gexpansion at fixed dimension d = 3 up to the same order, by other RG approximations [25] [26] [27] , by HT expansions 16, 51 , by MonteCarlo methods 52, 53 . Our estimates of the first few r + 2n by extended HT expansions, are reported in Table IX .
A. A parametric form of the ES
A parametric form [54] [55] [56] has been introduced to formulate an approximate representation of the ES in the whole critical region and as an aid in the comparison with the experimental data. The parametrization is chosen to embody the analyticity properties of h(M, τ ) and the scaling laws. These properties make the parametric form convenient to approximate the ES in the whole critical region by using only an HT input, such as the small z expansion eq. (14) of F (z). In this approach, the scaled field and the reduced temperature are expressed as the following functions
of generalized radial and angular coordinates R ≥ 0 and −θ 0 ≤ θ ≤ θ 0 , with θ 0 > 1 the smallest positive zero of the function l(θ). The radial coordinate R measures the distance in the h, T plane from the critical point, and the angular coordinate θ specifies a direction in this plane. Therefore, θ = 0 corresponds to the critical isochore, θ = ±1 is associated to the critical isotherm and θ = ±θ 0 to the coexistence curve. The function l(θ), normalized by l ′ (0) = 1, is odd and regular for |θ| < θ 0 , as implied by the regularity of f (x) and the invertibility of the above variable transformation in this interval.
The variable z is then expressed as
and the function F (z) of eq. (14) is related to l(θ) by
Here ρ = m 0 x β 0 is a positive constant related to the arbitrary normalization constant m 0 appearing in eq. (15) . If F (z) were exactly known, the corresponding l(θ) given by eq. (19) should not depend on ρ. However the polynomial truncations of l(θ) that can be formed from the first few available terms of the expansion eq. (14) of F (z) will have coefficients l 2n+1 (ρ) depending not only on the coefficients F 5 , F 7 , ... and on the exponents β and γ, but also on ρ.
In particular 21 , expanding both sides of eq.(19), one obtains:
The dependence on ρ of the coefficients l 2n+1 has been exploited to improve the approximation of l(θ). A first approach consists in fixing ρ to the value ρ m which minimizes 21 the modulus of the highest-order expansion coefficient l 2n+1 (ρ) of l(θ) that can be determined reliably from the available coefficients F 2n−1 . A second method 16 is based on computing some universal combinations of critical amplitudes in terms of l(θ) and then in choosing for ρ the unique value that makes all such quantities stationary. We may follow this route and consider, for example, the dependence on ρ of the universal ratio of the susceptibility amplitudes above and beneath T c , namely C If we plot these quantities vs ρ 2 , we obtain Fig.1 , which indicates that the choice ρ 2 = 2.615 should be optimal. Then, using the central values both of the coefficients F 2n−1 up to n = 7, as obtained from our Table IX , and of the exponents β and γ as indicated above and fixing ρ to its optimal value, the following form of l(θ) can be determined 
Here we have neglected the term in θ 11 , whose coefficient is O(10 −6 ), and have indicated the last three terms only to show that their contribution in the interval of interest |θ| < θ 0 is very small. The function l(θ) vanishes at θ = θ 0 ≈ ±1.1273. The analogous result for this auxiliary function obtained in Ref. [22] , fixing ρ by the first method and choosing the values β = 0.3258 (14) and γ = 1.2396(13) of the critical exponents, is
which vanishes at θ ≈ ±1.1537. In this case, the coefficients F 2n−1 were obtained by a RG five-loop perturbation expansion in d = 3. On the other hand, computing the F 2n−1 by the RG ǫ-expansion to fifth order and choosing β = 0.3257 (25) and γ = 1.2355(50) leads 22 to:
More recently in Ref. [16] , using values of the exponents very near to those used in our paper, and deriving the F 2n−1 from an HT expansion of sc-lattice scalar-field models with self-couplings appropriately chosen to suppress the leading correction to scaling, the following expression was obtained,
which vanishes at θ ≈ ±1.1741. As stressed in Refs. [21, 22] , the alternative forms eqs. (24), (25), (26) and (27) cannot be directly compared, because they are associated to different parametrizations (different values of ρ). One should rather compare the universal predictions obtained from (20) 6.07 (19) 6.08 (6) them, for example, for the universal amplitude combinations, which we have reported in Table  IV . In this It is worth to remark that the computation of the first quantity is difficult, because the weak singularity of the specific heat forces to extend the simulation very close to the critical point. Recent estimates 57,58 of this ratio, in the range 0.532(7) − 0.540(4), based on simulations of large lattices, might now supersede older results, which were ≈ 6% larger, thus improving the agreement with the ES estimates of Table IV. Also the second ratio, involving the amplitude B c of eq. (7) is difficult to compute by simulations, for similar reasons. The result C + 2 B δ−1 /B δ c = 1.723(13) of Ref. [29] , is somewhat larger than the estimates from the ES. In the case of the third ratio, recent simulations 29, 58 have changed the previous larger estimates to values in the range 4.67(3) − 4.72(11), closer to the ES results. In the Table IV, we also have not shown the few available experimental estimates of some of these combinations, nor those, tabulated in Refs. [16, 21, 22] , which are based on direct evaluations of the amplitudes by LT and HT expansions. They are completely compatible with the ES results of Table IV, but the comparison is not stringent, due to the large uncertainties. Therefore we plan to improve the series determinations of the amplitudes on the critical isotherm and on the coexistence curve, exploiting our extended bivariate LT expansions of the free energy for the spin-s Ising models. A more detailed analysis of our results, along with estimates of other universal amplitude combinations, and a wider comparison among the results in the literature is deferred to a forthcoming paper.
B.
The HT zero-momentum renormalized couplings
The HT expansions of the higher susceptibilities 43 will be used to evaluate their critical amplitudes C + n and correspondingly the critical limits of the zero-momentum n−spin dimensionless HT renormalized couplings (RCC's). These quantities enter into the approximate forms of the scaling ES eqs. (10) and (12) . In the HT phase the first few 2n-spins RCC's are defined as the critical limits as K → K − c of the following expressions
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Here ξ(K) is the second moment correlation-length, defined by
with µ 2 the second moment of the correlation function expressed as
Both the HT expansions of χ(K) and µ 2 (K) are tabulated 18 through order K 25 for the spin-s Ising models. The volume V per lattice site takes the value 1 for the sc lattice and 4/3 √ 3 for the bcc lattice. The definitions of the quantities g + 2n (K) given here differ by a factor (2n)! from those of Ref. [51] . Also the quantities,
with n ≥ 1, whose critical values are the universal amplitude combinations first described 48 in the literature, and the closely related quantities
which share the computational advantage of being independent of the correlation length, will be of relevance in what follows. The finite critical limits g + n , r + 2n and I + 2n+4 of the RCC's, of the ratios r + 2n (K) and of the quantities I 2n+4 (K), represent universal combinations of HT amplitudes that should be considered together with those listed in Table IV . We have not included the expressions of higher-order RCC's, because, in spite of our extensions, the available series might not yet be long enough to determine safely their critical limits. One should notice that, from the point of view of numerical approximation, the g + 2n , and also the quantities derived from them like r + 2n , are difficult to compute, unless 2n is small, because they result from relatively small differences between large numbers. These estimates can be reliable provided that the uncertainties of the large numbers are much smaller than their difference. For the same reason, these quantities are notoriously even more difficult to compute by stochastic methods.
IV. METHODS AND RESULTS OF THE SERIES ANALYSIS A. Extrapolation methods
In the numerical analysis of the series expansions of physical quantities, we shall follow two procedures aimed to determine the critical parameters, namely the values of these quantities at the critical point, whenever they are finite, or if they are singular, the locations, amplitudes and exponents of the critical singularities on (or nearby) the convergence disk in the complex K plane.
A first procedure used in our series analysis, is the differential approximant (DA) method 59 , a generalization of the well known Padé approximant method 59 , having a wider range of application. In this approach, the values of the quantities or the parameters of the singularities can be estimated from the solution, called differential approximant, of an initial value problem for an appropriate ordinary linear (first-or higher-order) inhomogeneous differential equation. This equation has polynomial coefficients defined in such a way that the series expansion coefficients of its solution equal, up to a certain order, those of the series under study. The various possible equations, and therefore the various DAs that can be formed by this prescription, are usually identified by the sequence of the degrees of the polynomial coefficients of the equation. The approximants are called first-order, second-order DAs etc., according to the order of the defining equation. The convergence of the procedure in the case of the Ising models can be improved by first performing in the series expansions the variable transformation 60
aimed at reducing the influence of the leading corrections to scaling. Here θ is the exponent which characterizes these corrections. A sample of estimates of the parameters of the critical singularity is obtained from the computation of many "quasi diagonal" DAs, namely approximants with small differences among the degrees of the polynomial coefficients of the defining differential equation, which use all or most of the given series coefficients. A first estimate of a parameter, along with its uncertainty, results from computing the sample average and standard deviation. The result can then be improved by discarding from the sample single estimates which appear to be obvious outliers, and recomputing the average of the reduced sample. A conventional guess of the uncertainty of the parameter estimate is finally obtained simply, and rather roughly, as a small multiple of the spread of the reduced sample around its mean value. This subjective prescription might, to some extent, allow for the difficulty to infer possible systematic errors, and to extrapolate reliably a possible residual dependence of the estimate on the maximum order of the available series.
A second approach is based on a faster converging modification of the standard analysis of ratio-sequence of the series coefficients and will be denoted here as the modified ratio approximant (MRA) 30, 59 technique. Let us assume that the singularity of the series expansion of a physical quantity, which is nearest to the origin of the complex K plane, is the critical singularity, located at K c and characterized by the critical exponent λ and the exponent θ of the leading correction to scaling, (this hypothesis is generally not satisfied for the LT series). Then eq. (9) implies the following large r behavior of the series coefficients c r
In this case, the MRA method evaluates K c by estimating the large r limit of the approximant sequence 
By using the asymptotic form Eq. (39), we can obtain 18 the large r asymptotic behavior of the sequence of MRA approximants of the critical inverse temperature
The method estimates also the critical exponent λ from the sequence
with s r defined by eq. (41) . In this case the large r asymptotic behavior of the sequence (λ) r is
If the available series expansions are sufficiently long (how long cannot unfortunately be decided a priori), the estimates of the critical points and exponents obtained from extrapolations based on eqs. (42) and (44) can be competitive in precision with those from DAs. If, on the other hand, the series are only moderately long or the exponent λ >> 1, then corrections of order higher than 1/r 1+θ in eq.(42) (or higher than 1/r θ in eq. (44)) might still be non-negligible. The same remark applies if the O(1/r) terms in eq. (39) are not sufficiently small. Therefore, in some cases, eqs. (42) and (44) might be inadequate to extrapolate the behavior of the few highest-order terms of the MRA sequences.
B. Critical parameters of the higher susceptibilities
For both methods sketched in the previous paragraph, the main difficulties of the numerical analysis of the HT expansions are related to the presence of the leading non-analytic corrections to scaling which appear in the near-critical asymptotic forms of all physical quantities. It was however observed 30, 31 that the amplitudes of these corrections are non-universal and therefore, by studying families of models expected to belong to the same universality class, one might be able to single out special models for which these amplitudes have a very small or vanishing size. These models would then be good candidates for a high-accuracy determination of the critical parameters of interest. In the literature, various models which share this property to a good approximation, have been subjected to analysis: among them, the lattice φ 4 model on the sc lattice with the value g = 1.1 of the quartic self-coupling 16, 61 , or the same model on the bcc lattice with the coupling 17 g = 1.85. Also the spin-s = 1 and s = 3/2 Ising systems on the bcc lattice 18 , show very small corrections to scaling. All these models will be considered here.
An accurate estimate 2∆ = 3.1276(8) of the gap exponent which improves the four-decade-old 6 estimate 2∆ = 3.126(6), based on 12th order series, had been already obtained from the known 23rd order HT expansions of χ 4 (K) for the spin-s Ising models 18 and for the lattice scalar field 17 , on the sc and bcc lattices. The addition of a single coefficient to the expansion of χ 4 (K) does not urge resuming a full discussion of the estimates of this exponent and of the validity of hyperscaling on the HT side of the critical point, already tested with good precision in Refs. [17, 18, 62] .
To get some feeling of the reliability of the estimates that can be obtained from a study of our HT expansions of the higher susceptibilities χ 2n (K), it is convenient to test how accurately the critical inverse temperature K c and the critical exponents γ 2n can be determined from them by using MRAs. Let us for example consider the above mentioned self-interacting lattice scalar field model of eq.(2) on the sc lattice with quartic coupling g = 1.1. In Fig. 2 , we have plotted vs r 1+θ the sequences of the MRA estimates (K c ) r for K c , as obtained from the HT expansions of χ 2n (K) with 2n = 2, 4, ...22. The MRA sequences are normalized by the appropriate limiting value of the sequence (K c ) r , estimated in Ref. [18] and reported in Table V , to make them easily comparable with the corresponding sequences obtained from other models in the same universality class. The choice of the plotting variable is suggested by eq. (42) . For the susceptibilities of order 2n 6 the curves indicate the presence of strong corrections O(r −σ ), with σ between 3 and 5, and show that simply using eq. (42) , at the present orders of expansion, would be inadequate for extrapolating to r → ∞ the MRA sequences. No significant quantitative difference in behavior is observed in the analogous plots for the other models examined in this study, even for those with non-negligible amplitudes of the leading corrections to scaling. On the contrary, in other cases, for example for the Ising model with spin-s = 1/2 or s = 1 on the bcc lattice, the convergence looks even slightly faster. From these plots one may conclude that, as the order 2nof the susceptibility χ 2n (K) grows, increasingly long expansions are needed 51 in order that the MRA sequences reach the asymptotic form eq. (42) and therefore a given precision can be achieved in the estimate of K c . The general features of this behavior can be tentatively explained arguing 51 that the dominant contributions to the HT expansion of χ 2n (K), at a given order K r , come from those spin correlation functions in the sum of eq. (8), for which the average distance among the spins is ≈ r/2n. Accordingly, it seems that the presently available expansions of the quantities χ 2n (K), in spite of having the same number of coefficients, might not have the same "effective length", because they describe systems which are, in some sense, rather "small", the more so the larger is 2n . One might conclude that the estimates of the critical quantities, derived from the χ 2n (K), should probably be taken with some caution for large n, even in the case of models with very small leading corrections to scaling. However, in what follows, we shall observe that, in some cases, in spite of these difficulties, the DAs seem to yield smooth and reasonable extrapolations of these series to the critical point. [17, 18] of the critical inverse-temperatures K c used in our study of the Ising systems with spin s and of the lattice scalar field systems, on the sc and the bcc lattices. (5) C.
Scaling and the gap exponent
For Ising models on the bcc lattice with spin s = 1/2, 1, ..., 3, we have computed the sequences of estimates of the exponent differences D n = γ 2n − γ 2n−2 , with n = 2, 3, ..11. These estimates are obtained from second-order DAs of the ratios χ 2n (K)/χ 2n−2 (K), which use at least 19 series coefficients. We have imposed that the critical inverse temperatures, for the various spin systems, take the appropriate values 18 , listed in Table V . In Fig.3 , the exponent differences D n are plotted vs n. We have observed above that, as a simple consequence of the scaling hypothesis, when the maximum order of the available HT series grows large, the D n should all converge to the same value, equal to twice the gap exponent ∆, thus being independent of the order 2n of the higher susceptibilities entering into the calculation. For some particular values of the spin, e.g. s = 1 and s = 3/2, our central estimates depart by less than 0.1% from the expected result, for all values of n considered here. For other values of the spin, e.g. s = 1/2, a residual spread of the data remains, which however is quite compatible with the errors due to the finite length of the series and to the likely presence of sizable corrections to scaling, particularly when n is large. This computation can be repeated, with similar results, but somewhat larger error bars, for the spin-s Ising system on the sc lattice. We have shown in Fig.4 the results of the same computation for the two lattice scalar field systems with suppressed leading corrections to scaling, studied here. In view of the above remarks concerning the effective length of the expansions of the χ 2n (K), our results confirm the expectation that, in general, the uncertainties of the results should grow with n. It should be noted that, both in the case of the spin-s Ising system and of the scalar field system, the bcc lattice expansions have a distinctly smoother and more convergent behavior than for the sc lattice, on a wider range of values of the order 2n of the susceptibilities, probably because the coordination number of the bcc lattice is larger. In conclusion, our results support the validity of the scaling property, while the rather accurate independence of the estimates of the gap exponent on the lattice structure and, in the case of the Ising models, on the value s of the spin, is a valuable indication of universality. Finally, it is worth to stress that the results of Fig. 3 and Fig. 4 for n 4 would be difficult to obtain by numerical approaches other than series expansions.
D. The ratios r + 2n and the critical amplitudes of the higher susceptibilities In Ref. [6] the critical amplitudes C + 2n of the higher susceptibilities were estimated from 12th order series, for the simple s = 1/2 Ising model, assuming the now outdated values γ = 5/4 and ∆ = 25/16 for the exponents. These series were not long enough that any estimate of the uncertainties could be tried. It is then worthwhile to update the estimates of these amplitudes by using our longer expansions and biasing the extrapolations by the more precise modern estimates of the exponents and the critical temperatures cited above. We can moreover obtain the corresponding Table VI . The results of Ref. [6] , are reproduced for comparison in Table VII .
We have estimated the critical values of the HT expansions of the RCC's either directly, by of the quantities r 2n (K), with 3 ≤ n ≤ 7, for Ising models with various values s of the spin and for the scalar field with φ 4 self-interaction, on the sc and the bcc lattices. The quartic coupling has the value g = 1.1 for the sc lattice, while g = 1.85 for the bcc lattice. We have also reported the values of the universal amplitude ratios I + 2n+4 /(2n + 2)!, with 1 ≤ n ≤ 5.
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designed to be regular at K = 0 and therefore more convenient to study by DA's, or, more conveniently, but with consistent results, from the computation of the quantities r , obtained from first-and secondorder DA's, for a few spin-s Ising systems and for the lattice scalar field, on the sc and the bcc lattices. We have imposed that the critical inverse temperatures take the appropriate values reported in Table V and that an antiferromagnetic singularity is present at −K c . Only for the 16 , shorter than those analyzed here, of the sc lattice scalar field with φ 4 or φ 6 selfinteractions and appropriate couplings; ii) from the expansion 22 in powers of ǫ = d − 4, within the RG approach; iii) from the g−expansion 22, 24 in fixed dimension d = 3, within the renormalizationgroup approach; iv) from various approximations [25] [26] [27] and r + 14 for the Ising models of spin s = 1/2, ...3 on the sc and the bcc lattices. In these figures we have reported, in correspondence with the conventional value s = 0 of the abscissa, also our results for the scalar model in the case of the sc lattice with quartic coupling g = 1.1 and, in the case of the bcc lattice, with coupling g = 1.85. The set of estimates shows good universality properties and moderate relative uncertainties which slowly grow with 2n. In the worst case, that of r + 14 , the uncertainties are generally not larger than 15%.
In Table IX , we have collected our final estimates of the ratios r , obtained either by simply choosing our result for the scalar field system on the bcc lattice, as in the case of the lowest-order ratios, or from a weighted average of the estimates on the sc and bcc lattices for the same system, as in the case of the largest-order ratios. Our values are compared with the estimates already obtained in the recent literature by various methods, including the analysis of significantly shorter HT expansions.
V. CONCLUSIONS
For a wide class of models in the 3D Ising universality class, we have described properties of the higher susceptibilities on the HT side of the critical point, which are relevant for the construction of approximate representations of the critical ES. We have based on high-temperature and low-field bivariate expansions, that we have significantly extended or computed "ex novo". The models under scrutiny include the conventional Ising system with spin s = 1/2, the Ising model with spin s > 1/2 and the lattice scalar field, defined on the three-dimensional sc and bcc lattices. In this paper our HT data have been used to improve the accuracy and confirm the overall consistency of the current description of these models in critical conditions, by testing simple predictions of the scaling hypothesis as well as the validity of the universality property of the gap exponent and of appropriate combinations of critical amplitudes. Some of these tests are presently feasible only within a series approach. Our main result is a set of more accurate estimates of the first three already known r + 2n parameters and a computation of two additional ratios, which enable us to formulate an update of the parametric form of the ES.
At the order of expansion reached in our study, we still observe a small residual spread of the estimates of the gap exponent and of the ratios r + 2n , around the predictions of asymptotic scaling and universality. This fact is readily explained by the obvious limitations of our numerical analysis: namely the still relatively moderate span of our expansions, in spite of their significant extension, the notoriously slower convergence of the expansions in the case of the sc lattice and the incomplete allowance of the non-analytic corrections to scaling by the current tools of series analysis. 
FIG. 2:
The sequences of modified ratio approximants (MRAs) of the critical point for the scalar field model with g = 1.1 on the sc lattice, plotted vs 1/r 1+θ . Here r is the order of the approximant and θ is the exponent of the leading correction to scaling. We have normalized the MRAs to the estimated value of K c . The MRAs are obtained from the HT expansions of χ 2 (K) (stars), χ 4 (K) (circles), χ 6 (K) (triangles), χ 8 (K) (rhombs), χ 10 (K) (rotated squares), χ 12 (K) (squares), χ 14 (K) (double triangles), χ 16 (K) (rotated triangles), χ 18 (K) (crossed circles), χ 20 (K) (crossed squares), χ 22 (K) (crossed triangles). The symbols representing the MRAs are connected by straight lines as an aid to the eye. Small vertical segments on the third, fourth and fifth curve from above, indicate the order at which our extension of the χ 6 (K), χ 8 (K), and χ 10 (K) series begins to contribute to the MRAs. The six lowest curves refer to higher susceptibilities for which no data exist in the literature. 
